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Abstract. We give an alternative approach to the computation of the di- 
mension of the tangent space of the deformation space of curves with auto- 
morphisms. A homological version of the local-global principle similar to the 
one of J.Bertin, A. Mezard is proved, and a computation in the case of ordi- 
nary curves is obtained, by application of the results of S. Nakajima for the 
Galois module structure of the space of 2-holomorphic differentials on them. 



1. Introduction 

Let X be a non-singular curve of genus g > 2 defined over an algebraic closed field 
of positive characteristic, together with a subgroup G of the automoprhism group. 
In J.Bertin, A. Mezard proved that the equivariant cohomology of Grothendieck 
H^{G, Tx) measures the tangent space of the global deformation functor of curves 
with automorphisms. This dimension is a measure in how many directions a curve 
can be deformed together with a subgroup of an automoprhism group. 

Since the genus g oi X \s g >2 the edge homoniorphisms of the spectral sequence 
of Grothendieck ^ 5.2.7] give as that 

i.e. the first equivariant cohomology equals the G- invariant space of the "tangent 
space" of the moduli space at X. J. Bertin and A. Mezard were successful to 
compute H^{G, Tx), using a version of equivariant Chech theory, and prove a local- 
global theorem. 

It is tempting, in order to compute the G-invariants of the space H^{G,Tx) to 
use Serre's duality to pass to the space _ff°(G, Jl^^). One should be careful using 
this approach, because since we are considering the dual space of H^(X,Tx) it is 
not the functor of invariants that we have to consider, but the the adjoint functor, 
i.e., the functor of covariants. 

This article consists of two parts. In first part, we use the normal basis theorem 
for Galois extensions and the explicit form of Serre duality in terms of repartitions 
7.14.2],^] 1.5], in order to compute the covariant elements of fi^^). 
This leads us to a homological version of the local-global theorem of J. Bertin A. 
Mezard The duality between the homological and the cohomological approach 
is emphasized by defining a cap product 

HP{G, H\G, Tx)) X H^{G, H"{X, nf)) H,^p{G, k). 
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In second part we try to apply known results on the Galois module structure of 
the space of holomorphic differentials, in order to compute covariant elements. We 
have to notice here, that, as far the author knows, if the characteristic p divides 
\G\, the Galois module structure of H'^{X,il'^'') is far from being understood, and 
there are only partial results mainly in the case of tame ramification |l],(n|,[Z|i or 
in the case of ordinary curves. 

More precisely, S. Nakajima in studied the Galois module structure of the 
"semi-simple part" of H^{X,Vl{~D) with respect to the Cartier operator if G is a 
p-group and D is an effective G-invariant divisor on X. Thus, for the Zariski dense 
set in the moduli space of curves of genus g, of ordinary curves (curves the Galois 
module structure of H^{X, 51®^) is known. 

The tangent space to the deformation functor of ordinary curves was studied by 
G. Cornelissen and F. Kato in We obtain a weaker result than their result by 
using the methods of S. Nakajima. 



2. Computations 

Denote by Kx the function field of the curve X. Let ICx be the constant sheaf 
Kx , and consider the exact sequence of sheaves 

(1) O^Qx^JCx^'^^O. 

V)x 

The sheaf ^ can be expressed in the form 

^=^,^^Kxl<Z>,l 
Pex 



We tensor the sequence with the sheaf f2®^ over Qx and get the sequence: 



where i : Spec0p X is the inclusion map 

ICx ^ t.{Kx/0p) nf o. 

Pex 

We will denote by A^®^ — ICx ^x^ the sheaf of meromorphic 2-differentials 
and by flf^ = fif^ (g)0^ 0p. Thus we might write 

i.AKx/0p)^nf = ^.iM^V^lf). 
Pex Pex 

We apply the global section functor: 

^ r{x, nf) ^ r{x, iCx nf) ^ i,{M®''/^f) ^ h^{x, nf) 

Pex 

Since X is a curve of genus g > 2 we have that H^{X, fl'^^) = and if we denote by 
= r(X, fif^) and M = r(X, A^®2) the spaces of global sections of homomorphic 
and meromorphic differentials we have: 



(2) o^n^M^rlx,^i,{M^ynf)\^o. 

\ Pex ) 

Lemma 2.1. The G-module M as a Ky[G] module is projective. 
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Proof. Let w be a meromorphic differential of the curve Y — X/G, and denote by 
Ky the function field of the curve Y . The lift tt,?/; is a G- invariant meromorphic 
differential on X, and M can be recovered as the set of the expressions 

We want to apply the functor of covariants, i.e., to tensor with Ky®Ky[g]- We no- 
tice first that by the normal basis theorem jl2[ 6.3.7 p. 173] for the Galois extension 
Kx/Ky we obtain that Kx — Ky[G] as a Galois module, thus M is isomorphic to 
Ky[G] as a _fi'y[G'] -module and the desired result follows. □ 

We consider the long exact homology sequence arising from after taking the 
functor of covariants: 

(3) la- • • -> H^{G,M) ^ i?i(G, i^M^V^f)) ^^G^ Mg ^ 

PGX 

Since M = Ky[G] we have iJi(G, M) = and Mg = {/ • 7r,(w)}, with / e Ky. 
Thus 

r^G =i/i(G,r(X, i4x®V^^I')))ffiima. 

Remark: If the order |G| of the group G is prime to the characteristic p then 
the order |G| is invertible in the module T{X,^p^^i.^{M'^'^ /Vlf^)) and the first 
homology is zero, therefore 

Q.G = Ima. 

Proposition 2.2. Let 5i, . . . , 6^ &e i/ie set o/ ramification points of the cover X 
Y, and let Gi — G{bi) be the corresponding decomposition groups. The following 
holds: 

r 

H^{G, )) =0^i(G,;,X®Vf^r))- 

Pex i=i 

Proof. Let P be a point of X, and let tp be a local uniformizer at the point P. 
Consider an element a = Y^Pex ^ ®pgx i*{M®'^ /Vl^'^)). The polar part of 
a at P is equal to X^iy^-n fS^- For an element g G G we have that 

-1 



\ l/= Tt / 1/=- — Tt •'' ^ ' 



The element g{t) is the local uniformizer at the point g{P). This proves that the 
action of the element g S G on a is of the form 

Pex Pex 

Let Mp = i*(A^'^^/rip^) be the summand corresponding to the point P, and let 
G(P) = {g & G : g{P) = P} be the decomposition group at the point P. We 
consider the induced module, seen as a subspace of (BpexJ^^"^ 1^%^ ^ 

Indg(p)Mp = Ky [G] [g(p)] Mp = Afg(p) . 

geG/G{P) 
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Shapiro's lemma |12[ 6.3.2] implies that 

i?i(G,Indg(p)Afp) = Hi{G{P),Mp). 

Thus if P is not a ramification point it does not contribute to the cohomology, 
and the desired formula comes by the sum of the contributions of the ramification 
groups. 

□ 



We have proved that the following sequence is exact: 

r 

(4) ^ 0i?i(G(6,),A^®Vf^f )) ^^G^ Ima ^ 



1=1 



which is exactly the dual sequence of J. Bertin, A. Mezard T, p . 206]. 

Proposition 2.3. Let bi, . . . ,br he the ramification points of the cover t: : X Y , 
and assume that the groups in the ramification filtration at each ramification point 
bk have orders 

e^^^>e«>...>eW>l. 
The dimension of the space Ima is given by: 

rik Jk) 

dimfc Ima = 3gy — 3 + 



k=l 
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Proof. We are looking for elements of the form /7r*(u)), / G iiTy, such that divx/7r*(w) > 
0. We know that if w is a 2-differential then: 

div(7r*(u;)) =7r*(w) + 2i?, 

where R is the ramification divisor of n : X —>Y. Therefore t:*{w) is holomorphic 
if and only if 7r*(w + 2R) > 0. 

We will push forward again and we will use Riemann-Roch on Y. We want to 
compute the dimension of the space 

L{K + tt42R)/\G\), 

where K is the canonical divisor. 
The ramification divisor is 

fc=l i=l 

and Riemann-Roch theorem implies that 



dimfc Ima = 3gy — 3 + 



fc=i 



"fc (k) , 

— e, — 1 



i=l f^o 



□ 



Proposition 2.4. For a ramification point b we have Hi{G(b), Mf,) = V{b)c, where 
V{b) is a finite k-vector space, with known G-module structure. 
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Proof. The space Mi, consists of elements in l/tk[l/t]. Let f{l/t) e be a 

G-invariant element. Then we can consider the direct product of G- modules: 

k{{t))^l/tfil/t)kil/t)^L{vif)), 

where k{{t)) is the field of formal Laurent series, v is the valuation of the field 
k{{t)), and L{v{f)) = {g £ k{it)),v{g) + v{f{l/t)) > 0}. Theorem 90 of Hilbert 
implies that Hi{G{b), k{{t))) =0, and since 

H,{G{b),km) ^ H,{G{b)J{l/t)k{l/t)))^H,{G{b),L{v{f))), 

we have that i7i (G(6), = 0. We now consider the short exact 

sequence: 

^ l/tk[l/t] f{l/t)l/tk[l/t] Vib) 0, 

and by a dimension shifting argument we obtain the desired result. □ 

3. Definition of a cap product. 

In this section we will define a cap product between the homology and cohomol- 
ogy groups of A := H\X,Tx) and B := H"{X,nf). Serre duality implies the 
existence of a trace function 

Ax B ^ k. 

Thus, a cap product can be defined { 2, p. 113]) 

HP{G,A)^Hq{G,B)~*H,^p{G,A^B)^Hq^p{G,k). 

In particular, the above cap product gives us the pairing 

H\G,A)(g)Hi{G,B) ^ k 

connecting the homological and cohomological approaches to the theory. 

Remark: Since G is a finite group, the Tate cohomology groups are defined, 
and they seem a more natural tool for the study of cap products and duality. 
Unfortunately we are interested for the computation of invariants and co- invariants, 
i.e. for low index cohomology groups, and Tate cohomology can not be applied here. 

4. Ordinary Curves 

Let D be an effective divisor on the curve X, we will denote by 

nxi-D) = {/ G k{X) : div(/) + div(^) > ~D}. 

S. Nakajima in |8j provided us with a method for computing the Galois module 
structure of the semisimple part of flxi—D) with respect to the Cartier operator 
on X. 

If the curve X is ordinary then the semisimple part of the Cartier operator is 
identified with the space ^lx{—D) itself. We are interested in computing the space 
of covariants il^^ of the holomorphic 2-diffcrcntials. 

The space of holomorphic 2-differentials can be identified with the space 

{/ e k{X) : div(/) + 2div(tj) > 0} = {div(/) + div(w) > -div(w)} 

Lemma 4.1. There is a G-invariant differential lo in X, such that div(w) is effec- 
tive, and has support that does not intersect the branch locus. 
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Proof. Let bi, . . . ,br be the ramification points of tlie cover tt : X ^ Y — X/G. 

Let 01 be an arbitrary meromorphic differential on Y. We will select a mero- 
morphic differential = /0i on the curve Y such that div(0) — div(/(/)i) + A> 0, 
where A is the divisor 

ei(&i) ~ 1 



1=1 



.=0 



Notice that if we assume that we are working on an ordinary curve then 62 = 
|1(J|. and the above divisor can be written as 

r 

A = ^X,b„ 

1=1 

where A.^ = 1 if bi is ramified tamely and A; = 2 if 6j is ramified wildly. 

This means that we are looking for a function / e Ly (K + A) . Using Riemann- 
Roch we compute 

£{K + A)= ei-A) + 2gY-2 + deg{A) - .gy + 1 = .gy - 1 + r + s, 

where s is the number of wild ramified branch points. For such a selection of / we 
have that 

div(7r*(M) = 7r*div(/0i) + R>0, 
where R is the ramification divisor given by 



1=1 P^bi i=0 

Moreover the divisor 7r*(/0i) is G invariant, and we can select / e Ly{K + A) 
such that is has polar divisor A. This imply that the support of 7r*(/0i) has no 
intersection with the branch locus. □ 

We can now apply the method of S. Nakajima on fi^^ = fix {7^* {f (pi)) ■ Let S 
be the set of points of the curve Y such that 7r~^(5') = supp(div(7r*(/0i))). We 
follow the notation of [S]. Let 5*0 = {&i, . . . , br}. For each i = 1, . . . , r we choose a 
point Pi e X, satisfying 7r(Pi) = bi, and let Gi be the decomposition group at Pi. 
We consider the fc[G']-modules k[G/Gi] = {X^o-eG/G '^o-o'}- We define surjective 
fc[G']-homoniorphisms $i : k[G/Gi] fc, by ^iiJ2a£G/Gi '^o''^) = SaeG/Gi '^o'' ^^"^ 
also$((6,...,e.)) = E[=i1'^(e.). 

Theorem 4.2. Let G be a p- group. The Galois module structure of is deter- 
mined by the following exact sequence: 

(5) 0^nx{ ~Tr^\S)) ^nx{-TT'\SUSQ)) -^ker$^0, 

where nx{-TT-^S U So)) = k[Gf3Y-3+2r^ 

Proof. Following the method of Nakajima, we define a /c[G]-homomorphism 



^ : nx{-7r-\S U So)) ^ ^k[G/G,l 

by 



4=1 



'/'H=0| E Res.p,'^), Loenx{-7r-^{SUSo)). 

y<T£G/G, 



Then ker(0) = f2jc( — 7r~^(S')), and lm((f)) — ker$, using the residue and Riemann- 
Roch theorems. 

For the fc[G']-structure of flxi—Tr^^{S U So)) Theorem 1 of [S] implies that it 
is a free fc[G]-module of rank 7^ — 1 + jS"! + j^ol, where 7y is the p-rank of the 
Jacobian of Y. Since the curve is ordinary we have gy = 7y- On the other hand 
\S\ = 2gY + r andlSol^r. □ 

The module in the middle of equation © is fc[G']-projective, therefore it implies 
the following long exact sequence: 

^ i/i(G,ker$) ^ {nf)^ fc[G]^^^"^+'" ^ kcr$G ^ 0. 
This implies that the desired dimension can be computed: 

(6) dimfc (f^l^)e = dimfc Hi{G, ker $) + Sgy - 3 + 2r - dimfe ker $g- 
We will use the sequence 

r 

(7) O^ker$^0/c[G/G,;] ^fc^O, 

in order to compute the homology groups of ker<I>. 
Equation Q, gives the long exact sequence: 



(8) i/2(G,0fc[G/G,]) ^il2(G,fc) ^i/i(G,ker$) ^i/i(G,0fc[G/G,]) 



^"2 

h;[Lx/LTij; !■ 

i=l 



Hi (G, k) ^ ker $G ^ k[G/G,] ^ he 



Using the above sequence we compute: 

dinifc H^{G, ker $) — dim^ Coker?/;! + dim^ ker 4'2- 
It is known that -ffi(G, k) = [g'g] ^ ^^"^ Hopf's theorem |12[ 6.8.8] implies 

.w^ , N ^ n [F, F] 
H2{G,k) = —^^^^^k, 

where l^_R-^i^^G^lisa free presentation of G. 

Shapiro's lemma ||Z| p. 73], gives that Hi{G,k[G/G^]) = Hi{G,,k). More- 
over, since the curve in question is ordinary the ramification groups are elementary 
abelian, thus _ffi(G, fc[G/Gi]) = Gi ®z k. Therefore, for the computation of the 
kernel of ^^2 we have: 

G 

®z k. 



^^2 : G, ®z fc ^ — 

i=i 



G] 



The kernel of V'2 equals n[^j(Gi n [G, G]) ®z k. This is a group theoretic description 
of the kernel of ^"2 • 

Using equation ((SJ we compute: 

(9) 

Q 

dimfc iJi(G, ker = dim^ coker(V'i)-l-^ log^ |Gi| -dimfc (g)gfc-|-dimfc ker ^g-r+l. 



i—r 
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Combining (jSJl with © we obtain 

dimfc(f7|^)G = dimfe coker(V'i) + 3gy - 3 + r + log \Gi\ - dinife (g)z + 1. 

^=l 

For the computation of the cokernel of ipi we proceed as follows: For every 
ramification group fix a set of generators Fi ^ F and consider a set of relations Ri, 
such that Gi = Fi/Ri. Using Hopf's theorem for the computation of H2{G, k), the 
study of the map ^pl is reduced to the study of the map: 



e 



R^n[F„F,] Rn[F,F] 



[F^,R^] [F,R] • 

The groups Gi are elementary abelian. If G,; is a cyclic group of order p then it 
is immediate from Hopf's theorem that H2{Gi, k) = 0. 

We consider now the case of groups Gi that have at least two cyclic summands. 
Since the groups Gi are abelian, we have [Fi, Fi] C Ri, thus Ri fl [Fi,Fi] — [Fi, Fi]. 
For a given i — 1, . . . , r consider the map 

[F,F] ^ Rn[F,F] 

The kernel of fi is (kcr/^ = [Fi,Fi] n [F, R]) / [Fi , Ri] and the image is isomorphic 
to 

[F,,F,]n[F,R] [F,R] 
Combining this information together for all i such that log^ | Gi | > 1 we obtain: 

1 , Rn[F,F] 

^^^^"^^^ = m,F.][F,R]) ®- 

where i runs over the ramification points such that log^ |Gi| > 1. If all Gi have 
order p then the above formula reduces to Hopf's formula for H2{G). We collect 
all pieces of computation in the following 

Proposition 4.3. Let G he a p-group that is a subgroup of the automorphism 
group of an ordinary curve, and let Gi he the decomposition groups at the rami- 
fication points. Using the ahove notation we have for the dimension of covariant 
2- differentials 

^ G R D \F F] 

dimfc {nf)^ = 3.gy-3+r+^logp |G,|-dimfe ^^^^fc-l+dimfc ^^^^ F][F R\) 

Comparison of the computation done so far with the result of G.Cornelissen, 
F.Kato implies the following corollary: 

Corollary 4.4. Let G he a p-group that is a suhgroup of the automorphism group 
of an ordinary curve, and let Gi be the decomposition groups at the ramification 
points. Suppose that p > 3. Using the ahove notation we obtain: 

Rn[F,F] , ^. G , ^ 



References 



1. Jose Bertin and Ariane Mezard, Deformations formelles des revetements sauvagement ram- 
ifies de courbes algebriques, Invent. Math. 141 (2000), no. 1, 195-238. MR 2001f:14023 

2. Kenneth S. Brown, Cohomology of groups, Graduate Texts in Mathematics, vol. 87, Springer- 
Verlag, New York, 1982. MR 83k:20002 

3. Gunther Cornelissen and Fumiharu Kato, Equivariant deformation of Mumford curves and 
of ordinary curves in positive characteristic, Duke Math. J. 116 (2003), no. 3, 431—470. MR, 
1 958 094 

4. Alexander Grothcndieck, Sur quelques points d'algebre homologique, Tohoku Math. J. (2) 9 
(1957), 119-221. MR 21 #1328 

5. Robin Hartshorne, Algebraic geometry, Springer- Verlag, New York, 1977, Graduate Texts in 
Mathematics, No. 52. 

6. Ernst Kani, The Galois-module structure of the space of holomorphic differentials of a curve, 
J. Reine Angew. Math. 367 (1986), 187-206. MR 88f:14024 

7. ShSichi Nakajima, On Galois module structure of the cohomology groups of an algebraic 
variety. Invent. Math. 75 (1984), no. 1, 1-8. MR 85j:14021 

8. , Equivariant form of the Deuring-Safarevic formula for Hasse- Witt invariants. Math. 

Z. 190 (1985), no. 4, 559-566. MR 87g:14024 

9. , Galois module structure of cohomology groups for tamely ramified coverings of alge- 
braic varieties, J. Number Theory 22 (1986), no. 1, 115-123. MR 871:14010 

10. , p-ranks and automorphism groups of algebraic curves. Trans. Amer. Math. Soc. 303 

(1987), no. 2, 595-607. MR 88h:14037 

11. Henning Stichtenoth, Algebraic function fields and codes. Springer- Verlag, Berlin, 1993. MR 
94k:14016 

12. Charles A. Weibel, An introduction to homological algebra, Cambridge University Press, Cam- 
bridge, 1994. MR 95f: 18001 

E-mail address: kontogarSaegean.gr 

Department of Mathematics, University of the ^Egean, 83200 Karlovasi, Samos, Greece, 
: //eloris ■ seimos .aegean.gr | 



9 



